A coherent analysis of Stokes flows under boundary conditions of friction type  by Fujita, Hiroshi
Journal of Computational and Applied Mathematics 149 (2002) 57–69
www.elsevier.com/locate/cam
A coherent analysis of Stokes 'ows under boundary
conditions of friction type
Hiroshi Fujita
Research Institute of Educational Development, Tokai University, 2-28-4 Tomigaya, Shibuya-ku,
151-0063 Tokyo, Japan
Received 28 October 2001; received in revised form 14 January 2002
Abstract
This paper is concerned with the stationary and nonstationary 'ow of viscous incompressible 'uid under
boundary conditions of friction type, which are certain nonlinear boundary conditions similar to the so-called
Signorini boundary condition in elasticity. We assume that the 'ow is governed by the linear Stokes equation,
while the boundary condition is nonlinear. From the methodological viewpoint, the analysis is carried out in
a coherent way, starting from study of the related boundary value problems for the stationary 'ow by means
of the theory of variational inequalities, and getting to wellposedness of the initial boundary value problems
for the nonstationary 'ow by means of the nonlinear semigroup theory. From the viewpoint of applications,
we mention original motivations and include some new generalizations like the cases of anisotropic friction
and inhomogeneous boundary value.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction and summary
The purpose of this paper is to report on the results of our recent study of certain nonlinear
boundary conditions for motions of a viscous incompressible 'uid, which we call boundary conditions
of friction type (BCF in abbr.). Although most of the content has been adapted from the author’s
previous presentations [4–8,10] of which the ?rst one is his series of lectures at Coll@ege de France
delivered in October of 1993 on an invitation by the late Prof. J.L. Lions, the present paper contains
some new generalizations, particularly in the last section. Also we have tried to organize the paper
in a coherent way so that it can clarify the methodology of analysis.
E-mail address: hfujita@yoyogi.ycc.u-tokai.ac.jp (H. Fujita).
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In his actual talk at the conference, the author expressed his view concerning the trends and issues
in scienti?c and engineering computing in Japan, which was done in accordance with the session
theme where his talk was given. However, this part of the author’s is not included in the present
paper and is expected to be published elsewhere.
1.1. Motivations and objectives
The motivation of our study on BCF comes from practical intention to model mathematically
certain 'ow phenomena in applications, while the study of BCF deserves theoretical interests for its
own sake because of the coherent use of celebrated methods in applied functional analysis, i.e., the
variational inequalities (see, e.g., [3,11]) and the nonlinear semigroup theory (see, e.g., [1,15]).
In fact, there exist such 'ow phenomena, like 'ow through a drain with its bottom covered by
sherbet of mud or like 'ow through a certain ?lter, that their mathematical model seems to require
boundary conditions allowing a slip or leak. Furthermore, in some cases we observe that the slip
or leak does not take place if the 'ow is gentle, namely, as long as the magnitude of stress on the
boundary due to the 'uid motion is less than a threshold. Our BCF have been introduced to meet
these situations. As an successful example in this direction, we can refer to interesting works of
simulation of certain environmental and ecological phenomena by Kawarada and his collaborators
[13,14], where they have made an extensive use of BCF and interface conditions of similar nature.
1.2. Description of BCF
While there are various kinds of BCF, we describe here in this section the leak boundary condition
which is most typical and convincing in order to ?x the idea.
The motion of our incompressible 'uid is described by velocity u and pressure p. We consider the
'ow in a bounded domain  in R3, whose boundary  is smooth. And we assume that  consists
of the two components 0 (say, the inner wall) and S (the outer wall). Furthermore, for the sake of
simplicity in writing the solvability conditions of the boundary value problems which we are going
to deal with, we impose the homogeneous Dirichlet condition
u= 0 on 0: (1.1)
On S, we impose the leak BCF of our main concern, but again for simplicity, we assume that it is
complemented by the nonslip condition
ut = 0 on S; (1.2)
where ut denotes the tangential component of u. Thus, our Leak-BCF actually means a kind of
boundary conditions of nonslip and possible leak. Mathematically, the leak condition is formulated
in terms of a given positive function g on S, which is called the barrier function and will play the
role to control the threshold for occurrence of the leak. It is written as
− 	n ∈ g9|un| on S: (1.3)
Here 	n=	n(u; p) is the normal component of the stress on S. un stands for the normal component
of u there. We recall that
	n = 	(u; p)n =−p+ 2n e(u)n; (1.4)
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where  is the (kinematic) viscosity and n the outer unit normal to the boundary, while e(u) stands
for the strain rate tensor e(u) = (eij(u)):
eij = eij(u) =
1
2
(
9uj
9xi
+
9ui
9xj
)
:
In (1.3), 9| · | means the sub-di;erential of the real absolute value | · |. Without using the notation
of 9| · |, the leak condition (1.3) can be re-written as follows (see Appendix A):
|	n(u; p)|6 g on S (1.5)
and 

|	n|¡g ⇒ un = 0;
|	n|= g ⇒


un = 0 or un =0;
un =0⇒ −	n = g un|un| :
(1.6)
1.3. Target problems and the results
The boundary value problem, Leak-BVP, is to ?nd {u; p} which satis?es the steady Stokes
equation
− Mu+∇p= f; div u= 0 (1.7)
and the above-mentioned boundary conditions on 0 and on S.
In (1.7), f stands for the external force, while for simplicity the density  of the 'uid has been
taken to be equal to 1. After some preparation concerning weak solutions of (1.7), which is made
in Section 2, we shall show the solvability of a weak version of Leak-BVP by means of variational
inequalities, Leak-VI in Section 3. In Section 5 we proceed to the initial value problem for the
nonstationary 'ow of the 'uid under the Leak-BCF, assuming f ≡ 0. Then the 'ow is governed by
the time-dependent Stokes equation:
9u
9t = Mu−∇p; div u= 0: (1.8)
The initial condition is given by
u(0; ·) = a (1.9)
Leak-IVP (the initial value problem with Leak-BCF).
For a given initial value a=a(x), ?nd u=u(t; x) and p=p(t; x) which satisfy the Stokes equation
(1.8) in [0;+∞)×, the initial condition (1.9) at t = 0, the Dirichlet boundary condition (1.1) on
0 and Leak-BCF (1.2), (1.3) on S.
The solvability of Leak-IVP will be shown in a certain abstract sense by means of the nonlinear
semigroup theory in Hilbert space, which originated from the pioneer work by KNomura [15] in 1967.
Section 5 is devoted to brief comments on various directions of generalization of our formulation
and analysis.
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2. Weak solutions of Stokes equation and of Leak-BVP
We recall some fundamental facts in regard to the weak formulation (variational formulation) of
the steady Stokes equation (1.7). The following subspaces of H 1() of vector functions are needed
here and later:
V = {u∈H 1(); u= 0 on 0};
H 10 () = {u∈H 1(); u= 0 on };
H 1	 () = {u∈H 1(); div u= 0};
V	 = {u∈H 1	 (); u= 0 on 0};
H 10; 	() = {u∈H 10 (); div u= 0}: (2.1)
We introduce a basic quadratic form (the dissipation form) on V by
a(u; v) = 2
∫

3∑
i; j=1
eij(u)eij(v) dx (u; v∈V ): (2.2)
This quadratic form is continuous over V in the H 1()-topology. And by virtue of the Dirichlet
boundary conditions on 0, we have Korn’s inequality (see e.g., [2,12]):
Lemma 2.1. There exits positive (domain) constants c0; c1 such that
c0‖u‖2H 1()6 a(u; u)6 c1‖u‖2H 1() (∀u∈V ): (2.3)
If u∈V	 and {u; p} is smooth, we obtain by integration by parts
a(u; v)− (p; div v) = (−Mu+∇p; v) +
∫
S
	 · v d (u∈V	 ∩ H 2(); p∈H 1(); v∈V );
(2.4)
where the L2-inner product is denoted by (·; ·) for the scalar case as well as for the vector case, and
where 	 = 	(u; p) stands for the stress vector which is expressed in terms of the normal vector n
as follows (in the summation convention):
	 = (	i) = (−pni + 2ei; j(u)nj) (i = 1; 2; 3): (2.5)
De nition 2.1 (Weak solutions of the Stokes equation). The pair of u∈H 1	 () and p∈L2() is a
weak solution of the steady Stokes equation (1.7) if
a(u; ’)− (p; div’) = (f;’) (∀’∈H 10 ()) (2.6)
p is called the pressure associated with u and is unique except for an additive constant when u is
?xed.
Condition (2.6) is called the weak (steady) Stokes equation. In the case that the weak solution
{u; p} happens to be smooth, {u; p} satis?es the steady Stokes equation in the classical sense. If ’
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in (2.6) is divergence-free, then we have
a(u; ’) = (f;’) (∀’∈H 10; 	()) (2.7)
Condition (2.7) might be called the solenoidal weak Stokes equation. The following lemma holds
true because  is bounded:
Lemma 2.2. Let u∈H 1	 () be a solution of the solenoidal weak Stokes equation (2.7). Then there
exists p∈L2() such that {u; p} is a weak solution of the (steady) Stokes equation (2.6).
Due to this lemma, any solution u∈H 10; 	 of (2.7) can be called a weak solution of the steady
Stokes equation.
2.1. Stress components of weak solutions
For a weak solution {u; p}, we can de?ne its stress vector 	 as a distribution belonging
to H−1=2(), through the argument below. Before doing so, we introduce some subclasses of V
and V	:
K = {u∈V ; ut = 0 on S};
K	 = {u∈V	; ut = 0 on }: (2.8)
Note that if u is a solution of Leak-BVP together with its associated pressure, then u∈K	. Actually,
we are concerned with the normal stress 	n on S of a weak solution {u; p}, u belonging to K	.
Furthermore, we need the classes of (scalar and vector) functions on S listed below, in order to
de?ne 	n in the distribution sense and to make later arguments:
Y = the scalar H 1=2(); Y0 =
{
∈Y ;
∫

 d = 0
}
: (2.9)
Now take an ∈Y and consider any ’ ∈K such that (’)t =0 and (’)n=  on S. Then, if {u; p}
is a smooth solution of the Stokes equation, we have by (2.4)∫
S
	n d = a(u; ’)− (p; div’)− (f;’): (2.10)
The right-hand side of (2.10) does not depend on the manner of extension from  to ’ since
{u; p} satis?es the weak Stokes equation, while it depends on linearly and continuously on  in
H 1=2(S)-topology. Consequently, through (2.10) we can de?ne a bounded linear functional n on Y ,
which can be viewed as a distribution in H−1=2(S). This n is again denoted by 	n and we write
formally∫
S
	n’n d = a(u; ’)− (p; div’)− (f;’) (∀’∈K): (2.11)
De nition 2.2 (Weak solution of Leak-BVP). {u; p} is a weak solution of Leak-BVP if the fol-
lowing three conditions hold true:
(i) u∈K	 and p∈L2();
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(ii) {u; p} satis?es the weak Stokes equation (2.6);
(iii) {u; p} satis?es the leak condition (1.3) in the a.e. sense. Namely
− 	(u; p)n ∈ g9|un| (a:e: on S): (2.12)
3. Variational inequalities for Leak-BVP
The variational inequalities for analysis of Leak-BVP is now formulated:
Leak-VI: Find u∈K	 and p∈L2() such that
a(u; v− u)− (p; div (v− u)) + j(v)− j(u)¿ (f; v− u) (∀v∈K); (3.1)
where
j(v) =
∫
S
g|vn| d (∀v∈K): (3.2)
If {u; p} is a solution of Leak-VI, then it satis?es the weak Stokes equation (2.6), which can be
seen by taking an arbitrary ’∈H 10 () and substituting v= u± ’ into (3.1).
Since we can use (2.11) for weak solutions of the Stokes equation, we can reduce (3.1) to∫
S
	n(v− u)n d + j(v)− j(u)¿ 0 (∀v∈K): (3.3)
3.1. Theorems for Leak-VI
We claim
Theorem 3.1. Leak-VI and the weak Leak-BVP are equivalent in the sense that {u; p} is a solution
of Leak-VI if and only if it is a weak solution of Leak-BVP.
Proof. Suppose that {u; p} is a weak solution of Leak-BVP. We have only to prove the inequality
(3.3). In view of (A.1); we have from (1.3)
g|vn| − g|un|¿− 	n(v− u)n a:e: on S (∀v∈K):
Integrating the inequality above; we get to
j(v)− j(u)¿−
∫
S
	n(v− u)n d;
which is nothing but (3.3).
Conversely, suppose that {u; p} is a solution of Leak-VI. Already we have seen that {u; p} is a
solution of the weak Stokes equation (2.6). It remains to prove the leak condition (1.3). From (3.3)
follows:
−
∫
S
	n(v− u)n d6 j(v)− j(u)6
∫
S
g|(v− u)n| d (∀v∈K): (3.4)
Namely, we have
−
∫
S
	n d6
∫
S
g|| d (∀∈Y ): (3.5)
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Since this inequality holds true if we replace  by −, we have∣∣∣∣
∫
S
	n d
∣∣∣∣6
∫
S
g|| d (∀∈Y ): (3.6)
Here we make a duality argument. Actually, let us consider the Banach space M of L1-type of
functions de?ned on S with the weighted measure g d, i.e., with the norm
‖‖M =
∫
S
g|| d: (3.7)
(3.6) means that 	n de?nes a linear functional on Y ⊂ M with its functional norm bounded by 1.
Since Y is dense in M , 	n can be viewed as an element in the dual space M ∗ of M . As a matter
of fact, M ∗ is an L∞-type space with its norm given by
‖‖M∗ = ess sup
s∈S
|(s)|
g(s)
: (3.8)
Therefore, 	n turns out to be a bounded function on S subject to (1.5). We are now going to
show the second equality in (A.5). Coming back to (3.4), we put v= 0 there, obtaining
−
∫
S
	nun d −
∫
S
g|un| d¿ 0;
which leads to∫
S
(	nun + g|un|) d = 0
with the aid of (1.5), and leads further to the second equality of (A.5) in the a.e. sense on S. Thus
{u; p} is a weak solution of Leak-BVP.
We proceed to one of our main theorems:
Theorem 3.2. Leak-VI has a solution {u; p}; of which u is unique and p is unique except for an
additive constant. The range of the additive constant to p is limited to {0} or to a ?nite closed
interval. This assertion is true for Leak-BVP.
Proof. Uniqueness: Let {ui; pi} be solutions of Leak-VI (i = 1; 2). Then we have
a(u1; u2 − u1) + j(u2)− j(u1)¿ (f; u2 − u1);
a(u2; u1 − u2) + j(u1)− j(u2)¿ (f; u1 − u2);
since div u1 = 0; div u2 = 0. Adding these two inequalities; we have a(u2 − u1; u2 − u1)6 0; which
gives u2 − u1 = 0 by virtue of Korn’s inequality. After obtaining the uniqueness of u; it is easy
to examine the uniqueness of p in L2()=R. Then the range of the additive constant to p is seen
through (1.3).
Existence: We start from variational inequalities within solenoidal functions.
Leak-VI	: Find u∈K	 such that
a(u; v− u) + j(v)− j(u)¿ (f; v− u) (∀v∈K	): (3.9)
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The existence of the solution u of Leak-VI	 can be shown by a standard argument in the theory
of variational inequalities (e.g., see Glowinski’s book [11]). Then in the same way as before, we
can verify that u is a solution of (2.7) and see that there exists an associated pressure p. Let us ?x
this p. {u; p} may not satisfy (1.3) but we can use (2.11) for 	n(u; p). If v∈K	, then by means of
(2.11) and (3.9) we have
∫
S
	n(v− u)n d= a(u; v− u)− (p; div (v− u))− (f; v− u)
= a(u; v− u)− (f; v− u)¿− j(v) + j(u): (3.10)
Hence we have∫
S
	n(v− u)n d + j(v)− j(u)¿ 0 (∀v∈K	): (3.11)
Partly repeating the argument in the proof of the preceding theorem, we deduce∣∣∣∣
∫
S
	n d
∣∣∣∣6
∫
S
g|| d (∀∈Y0) (3.12)
in consideration that (v − u)n ranges over Y0 as v varies over K	. Note here that Y0 is not dense
in the L1-type Banach space M introduced in the proof of the previous theorem. We can, however,
regard 	n as a linear functional de?ned on Y0 which is a subspace of M , whose functional norm is
bounded by 1. At this point, we apply the Hahn–Banach theorem and see that there exist an element
#∗ in the dual space M ∗ such that
〈#∗; 〉= 〈	n; 〉 (∀∈Y0) (3.13)
and
‖#∗‖M∗6 1: (3.14)
From (3.14), we see that #∗ is a bounded function on S and is subject to
|#∗|6 g a:e: on S: (3.15)
On the other hand, (3.13) implies
#− 	n =−k∗
for some constant k∗. Let us put p∗ = p+ k∗. Then
#∗ = 	n(u; p)− k∗ = 	n(u; p∗)
and from (3.15) it holds true that
|	n(u; p∗)|6 g a:e: on S: (3.16)
Furthermore, we may write (3.11) for {u; p∗} as∫
S
	∗n(v− u)n d + j(v)− j(u)¿ 0 (∀v∈K	): (3.17)
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From (3.16) and (3.17) with v= 0, we can deduce
	∗nun + g|un|= 0 (a:e: on S)
in a parallel way as in the proof of preceding theorem.
Thus we have shown that {u; p∗} satis?es (A.5) and is a solution of Leak-VI and hence of the
weak Leak-BVP.
4. Nonlinear semigroups theory and Leak-IVP
The crucial step in applying the nonlinear semigroup theory to our nonstationary problems,
Leak-IVP, is to de?ne the Stokes operator A in accordance with the linear and nonlinear boundary
conditions in consideration, so that the multi-valued A is maximally monotone (m-accretive) in the
Hilbert space X = L2(). Here the maximal monotonicity of A is equivalent (see, for instance [1])
to
(f1 − f2; u1 − u2)¿ 0 (∀u1; u2 ∈D(A); ∀f1 ∈Au1;∀f2 ∈Au2) (4.1)
and
Range of (I + A) = X: (4.2)
In fact, we de?ne the Stokes operator with Leak-BCF by putting
D(A) = {u∈K	; u is a solution of Leak-VI for some f (and for some p)} (4.3)
and de?ning Au for each ?xed u∈D(A) as
f∈Au ⇔ u is the solution of Leak−VI for f (and for some p): (4.4)
Then we have
Theorem 4.1. The Stokes operator A with Leak-BCF is a maximal monotone operator.
In fact, the monotonicity (4.1) of A can be seen as follows: let {ui; pi} be the solution of Leak-VI
for fi; (i = 1; 2). Then we have
a(u1; u2 − u1) + j(u2)− j(u1)¿ (f1; u2 − u1);
a(u2; u1 − u2) + j(u1)− j(u2)¿ (f2; u1 − u2);
since div u1 = 0; div u2 = 0. Adding these two inequalities, we have a(u1 − u2; u2 − u1)¿ (f1 − f2;
u2 − u1), which gives (4.1), since a(u; u) is positive de?nite. On the other hand, equality (4.2) is
shown by repeating the previous argument for the solvability of Leak-BVP with a(u; v) replaced by
a(u; v)+ (u; v), or by making use of a theorem which can be applied to a monotone operator A with
the property “Range of A= X ” (see [1]).
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In this way, the generation theorem in the nonlinear semigroup theory can be applied and we have
Theorem 4.2. If a∈D(A); then Leak-IVP is solvable uniquely and strongly in the following sense:
there exists uniquely an absolutely continuous function u=u(t) de?ned on [0;+∞) and with values
in X = L2() such that
(i) u(t)∈D(A) for every t;
(ii) it holds true that u(0) = a and
du
dt
∈ − Au(t) (a:e: t): (4.5)
Moreover; the right derivative of u satis?es
d+u
dt
=−A0u(t) (∀t ∈ [0;+∞)); (4.6)
where A0 is the canonical restriction of A; which assigns to each u∈D(A) the unique element A0u
which is the element with minimum norm within the closed convex set Au.
Remark. As a matter of fact; if we make use of those theorems in the NSG theory which are
concerned with generators of the sub-di;erential type; then we can relax the condition on the initial
value a so that a∈K	 is suRcient for the strong solvability of the abstract Leak-IVP (see [1;9]).
On the other hand, as mentioned in [6], some direct characterization of the operator A is possible
by virtue of a regularity theorem due to Saito [16,17], which can be applied if the data are slightly
more regular.
5. Some generalizations
Here we state brief remarks on some generalizations of our study.
5.1. Slip-BCF
Similarly to Leak-BCF, we can formulate the slip boundary condition of friction type (Slip-BCF)
by replacing (1.3) by
− 	t ∈ g9|ut| on S; (5.1)
where 	t = 	(u)t is the tangential component of the stress. Additionally, we impose the non-leak
boundary condition, un = 0 on S. Then our analysis goes in parallel to the previous one (or more
simply), with the barrier functional and admissible function classes renewed as
j(v) =
∫
S
g|ut| d (v∈V );
K = {v∈V ; un = 0 on S};
K	 = {v∈V	; un = 0 on S}:
(5.2)
for technical details, we refer to a forthcoming paper [9].
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5.2. Anisotropic friction
In some applications, it would be practical to introduce anisotropic boundary conditions of friction
type, where the threshold for occurrence of leak or slip depends on the direction. One model to meet
such a phenomena can be created by adding a linear perturbation term to the variational inequalities.
For instance, suppose that we are concerned with such a situation of slip type. Then we could try
a slip condition of the following form:
− 	t + k(s)∈ g9|ut| on S; (5.3)
where k = k(s) is a tangential vector function given on S. k could be singular to some extent (e.g.,
in H−1=2-class). All of our previous arguments are valid, if we add the term
−
∫
S
k(v− u)t d; (∀v∈K);
to the left-hand side of the basic variational inequalities. Another model can be obtained introducing
a smooth two-dimensional matrix function m = m(s) on S which is uniformly invertible. The slip
condition of the form
−	t ∈ g 9|mut| on S
can be dealt with as before, if we use the barrier functional∫
S
g |mut|d (v∈V ):
5.3. Slip=leak from inhomogeneous boundary value
Sometimes, it would be necessary to consider leak or slip from a nonhomogeneous boundary
value. For instance, if S is an axially symmetric surface and actually stands for a wall rotating
around the axis, then it is natural to regard that the original boundary value, from which the slip
takes place, is a nontrivial tangential vector function * determined by the rotation. In such a case,
we introduce the slip condition of the form
−	t ∈ g9|ut − *| on S:
Then the variational analysis can be carried out successfully with the barrier functional de?ned as
j(v) =
∫
S
g|ut − *| d:
5.4. Other generalizations
(1) The formulation and method of analysis can be applied to the case where  is an exterior
domain and  = S is compact, as long as the initial boundary value is concerned. As a matter of
fact, we must make a more delicate argument since the associated pressure does belong to L2loc()
but not to L2() and since the original BVP may not be uniquely solvable. See [7] for some detail.
(2) We can deal with 'ow problems with an interface condition of friction type (ICF). The
formulation and method of analysis are parallel to the case of BCF. See [8] for some detail.
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Appendix A. Elementary remarks on subdi-erentials
Let  =  (x) be a lower semi-continuous convex function on R1. The subdi;erential of  at a
point x0, which is denoted by 9 (x0), is by de?nition the set of all , which satis?es
 (x)−  (x0)¿ ,(x − x0) (∀x∈R1): (A.1)
If  is di;erentiable at x0, then 9 (x0) = { ′(x0)}. Generally, 9 is a multi-valued function on R1.
The de?nition above of the subdi;erential is naturally extended to convex functions on Rn and even
to convex functions on a Hilbert space X . In the latter case, we have for each x0 ∈X
,∈ 9 (x0) ⇔  (x)−  (x0)¿ (,; x − x0) (∀x∈X ): (A.2)
It is easy to check the case of  (x) = |x| and obtain
9|x|=


the closed interval [− 1; 1]; (x = 0);
1; (x¿ 0);
−1; (x¡ 0):
(A.3)
Similarly, when |x| denote the norm (= the length) of real 2-vectors, we have
9|x|=


the closed unit disk |x|6 1; (x = 0);
x
|x| ; (x =0):
(A.4)
Lemma A.1. The leak condition (1.3) is equivalent to the following set of conditions on S:
|	n|6 g; 	nun + g|un|= 0 on S: (A.5)
Proof. From (1.3) follows (A.5) immediately by virtue of (A.3). Conversely; by (A.5) we can
calculate for any real number z as follows:
g|z| − g|un|+ 	n(z − un)
=g|z|+ 	nz − (g|un|+ 	nun)
=g|z|+ 	nz¿ 0; (A.6)
which implies (1.3) in virtue of (A.1).
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